The evolution of turbulent flows surrounded by laminar flow regions is an ubiquitous phenomenon of fundamental importance for various flows found in engineering and the environment, such as in chemical reactors, 1 and turbulent patches in the ocean and atmosphere. 2 It is also found in canonical flows, such as jets, mixing layers, and boundary layers, where turbulence development occurs together with the entrainment of irrotational fluid, which is deeply linked to the transport and mixing within the fluid, in an interplay with important consequences for the turbulence dynamics. 3 Turbulent entrainment has been recently studied in relation to the interfacial layer which separates turbulent from irrotational (non-turbulent) flow: the so-called turbulent/non-turbulent interface (TNTI). 4, 5 The long-standing question of turbulent entrainment has been the understanding of what are the physical mechanisms causing it. Turbulent motions with wide range of scales have been observed near TNTIs, from small-scale eddies, which are statistically universal, to large-scale structures, which are flow dependent, while both small and large-scale motions are expected to contribute to the turbulent entrainment by nibbling and engulfment, respectively. 6 As the turbulent entrainment takes place, irrotational fluid crosses the TNTI due to some mechanism. The TNTI is often detected using a constant vorticity magnitude isosurface, 6 and for this reason turbulent entrainment has been investigated by analyzing this isosurface propagation, whose velocity is of the order of the Kolmogorov velocity v η ≡ (νε) 1/4 , reflecting the importance of small-scale features, 5 where ε is the dissipation rate of turbulent kinetic energy and ν is the kinematic viscosity. However, recent studies on the structure of TNTI showed that it displays a finite thickness, 7 consisting of two layers: the viscous superlayer (VSL) and the turbulent sublayer (TSL). 6 Thus, entrainment can be more precisely described as the irrotational fluid movements across this layer rather than the fluid moving through an infinitely thin surface.
The Lagrangian approach to turbulent flows is particularly useful for this purpose and it has been used for investigating the turbulent characteristics before and after fluid particles (tracers) cross the surface representing the outer edge of the TNTI. [8] [9] [10] Because the TNTI location fluctuates, the Lagrangian tracking of fluid particles within the TNTI layer is crucial to better understand turbulent entrainment since the vorticity dynamics is quite different within the VSL and TSL. 7 In this letter, we report the entrainment characteristics across the entire TNTI layer obtained using a Lagrangian approach, where the location of the entrained fluid particles within the TNTI layer is examined by tracking the outer edge of the TNTI, which is defined as an infinitely thin surface referred to as the irrotational boundary hereafter. With this definition, the VSL is located just inside the irrotational boundary, while the TSL appears between the VSL and the turbulent core region. 6 The results show that the statistical properties of the entrained particle movements can be explained solely by small-scale turbulence features.
Direct numerical simulations (DNSs) are performed for temporally developing mixing layers 11 and planar jets, 7 which are periodic in the streamwise (x) and spanwise (z) directions and spread in the cross-streamwise ( y) direction, where the slip boundary conditions are applied at the lateral boundaries. The same boundary conditions were used in the recent DNS of temporally evolving free shear flows. 12 In this study, new simulations are performed for investigating the Lagrangian properties of turbulent entrainment. The origin of the coordinate system is located at the center of the computational domain, which has a size of L x × L y × L z and is represented by N x × N y × N z grid points. The DNS code is an incompressible Navier-Stokes solver based on the fractional step method, finite differences for spatial discretization, and the 3rd-order Runge-Kutta method for temporal advancement and was used in previous studies. 11 The 4th-order and 2nd-order fully conservative central difference schemes are used in the periodic and cross-streamwise directions, respectively. The initial velocity fields consist of statistically homogeneous and isotropic velocity fluctuations generated by a diffusion process as in our previous paper 11 and the mean streamwise velocity is given by 0.5U M tanh(2 y/θ M ) in the mixing layers and 0.5U J + 0.5U J tanh[(H − 2| y |)/4θ J ] in the planar jets. Here, U M is the velocity difference in the mixing layers, U J the jet velocity, H the width of the jet inlet, and θ M (θ J ) the initial shear layer thickness in the mixing layers (planar jets). We set θ J = 0.015H, and the other parameters are determined via the Reynolds numbers Re defined by U M θ M /ν and U J H/ν. The grid is equidistant in the x and z directions while a fine grid is used near y = 0 in the y direction. The physical and computational parameters are listed in Table I .
Lagrangian statistics of the fluid particles during the turbulent entrainment process are obtained using a similar method as described in a previous study. 9 Once the DNS of mixing layers and planar jets have reached a self-similar state, 140 000 fluid particles are randomly seeded in the non-turbulent region close to the irrotational boundary detected as an isosurface of small vorticity magnitude |ω| = ω th , whose value is determined by using the dependence of the turbulent volume on ω th . 9 This isosurface corresponds to the enstrophy isosurface ω 2 /2 = ω 2 th /2. Here, the region of |ω| larger (smaller) than ω th is referred to as a turbulent (non-turbulent) region. The fluid particles are introduced at time t 0 = 130θ M /U M and 32H/U J in the DNS of mixing layers and planar 
512, 500, 256 1024, 700, 512 512, 850, 512 1024, 1150, 512 jets, respectively, and the turbulence characteristics in the turbulent core region, such as the Kolmogorov lengthscale η ≡ (ν 3 /ε) 1/4 , Taylor microscale λ calculated from the streamwise velocity, and turbulent Reynolds number Re λ = u rms λ/ν, at t = t 0 are summarized in Table I , where u rms is the rms streamwise velocity fluctuation.
The fluid particles are tracked using a 3rd-order Runge-Kutta scheme for temporal advancement and a tri-linear interpolation scheme as in Yang et al. 13 In addition to the fluid particles, the irrotational boundary defined by a constant enstrophy isosurface is also tracked by the following method. When a fluid particle in the non-turbulent region crosses the irrotational boundary, a marker is introduced at this point ( Fig. 1(a) ). Subsequently, the marker is also tracked using the velocity of the irrotational boundary u I = u 0 + u P , which is the sum of the fluid velocity u 0 and the propagation velocity of the irrotational boundary u P = v E n, 5 where n = −∇ω 2 /|∇ω 2 | is the unit normal vector of the irrotational boundary, and
2 | (ω i is the vorticity and S i j is the rate-of-strain tensor). 5 The mean propagation velocity ⟨v E ⟩ at t = t 0 is shown in Table I . This marker represents the location of the isosurface of |ω| = ω th (ω 2 /2 = ω 2 th /2). Previous studies have shown that only a negligible fraction of particles ends up trapped inside a non-turbulent region completely surrounded by turbulent fluids (irrotational 3D bubbles). 9 The irrotational boundary of this region disappears after it becomes turbulent. Therefore, the markers of these irrotational boundaries are no longer located on isosurfaces of |ω| = ω th . For precluding these events, |ω| on the markers is monitored at every time step, while markers with |ω| > 2ω th are not used in the subsequent analysis. Note that this work focuses on the entrained fluid particle movements across the TNTI layer, rather than on the movement of non-turbulent fluid packets. Figure 1(b) shows the probability density function (pdf) of the irrotational boundary height in the mixing layers, where the pdfs are calculated from isosurfaces of constant |ω| = ω th and the locations of the markers, both yielding similar results, which validates the boundary tracking algorithm.
Lagrangian conditional statistics were calculated for the fluid particles, conditioned on the time τ elapsed after a fluid particle has crossed the irrotational boundary. We also use Eulerian statistics conditioned on the distance y I from the irrotational boundary as in previous studies. 11 The y I direction is given by n, and the turbulent region is represented by y I < 0. Hereafter, the Lagrangian and Eulerian conditional averages are denoted by ⟨ * ⟩ τ and ⟨ * ⟩ yI , respectively, while the fluid particle location relative to the irrotational boundary is represented by a separation vector δx(τ) in Fig. 1(a) . The irrotational boundary movement cannot be neglected because of the convection. δx is introduced for examining the particle location within the TNTI layer. As we discuss below, δx aligns with the normal of the irrotational boundary, n, for small τ, enabling us to relate the particle location to the VSL and TSL. the length of the region where the enstrophy production ⟨ω i S i j ω j ⟩ yI is smaller than the viscous diffusion ⟨ν∇ 2 (ω 2 /2)⟩ yI as in Ref. 7 . Then, the mean thickness of the TSL, δ ω , is estimated as the distance between the VSL and the location at which ⟨ω 2 /2⟩ yI reaches the same value inside the turbulent core region. We obtained δ ν ≈ 4η, and δ ω = 9η ∼ 11η. The present values of δ ν and δ ω agree with Refs. 7 and 12. Figure 2(a) shows that it takes about 7τ η for the fluid particles to move across the VSL and to reach the TSL for all simulations. However, the different configurations and Reynolds number naturally affect the time needed for the particles to move across the TSL. Note that the boundary between the TSL and the turbulent core region is not clear in Fig. 2(a) because deep inside the TSL the entrained particles are not anymore in the boundary normal direction (see Fig. 3(a) ).
A fluid particle location relative to a marker of the irrotational boundary, δx(τ), changes as
where δu is the velocity of the fluid particle relative to the velocity of the marker of the irrotational boundary, and is simply referred to as the relative velocity. Taking the dot-product of Eq. (1) with δx we obtain the following equation:
The relative velocity is represented by δu(τ) = (u(τ) − u 0 (τ)) − u P (τ), where (u(τ) − u 0 (τ)) is the fluid velocity difference between the fluid particle and the location of the marker of the irrotational boundary. For small τ, fluid particles are located very close to the irrotational boundary, and the relative velocity can be approximated by δu(τ) ≈ −u P (0). 15 Thus, Eq. (2) is simply,
Integrating Eq. (3) yields δx
where v E is taken at τ = 0. Thus, the Lagrangian conditional root-mean-squared distance changes according to
τ showing that the DNS results follow Eq. (4) for τ/τ η 10. Thus, within the VSL, δx is determined by the irrotational boundary propagation velocity, whose direction is given by the boundary normal. Therefore, the fluid particles reach the TSL because of the outward enstrophy diffusion, which results in the propagation of the irrotational boundary, and the particles inside the VSL stay in the direction normal to the irrotational boundary.
When a fluid particle is located far away from the irrotational boundary, the fluid velocity difference is expected to be large compared with the propagation velocity (δu ≈ u − u 0 ). 15 Therefore, the problem is similar to two-particles dispersion. 16 Similarly to Richardson's law for the relative diffusion, under the assumption that only eddies of size δx(τ) contribute to the change in δx, 17 we can obtain the following relationship for the self-similar regions:
where C is a constant and ε is obtained in the turbulent core region. begins to obey Eq. (5) from τ/τ η ≈ 9 slightly after the particles move into the TSL (Fig. 2(a) ), and it holds even for larger τ/τ η . The values of the constant C in Eq. (5) displayed in Fig. 2(c) have been obtained in the present DNSs with the least-squares methods and oscillate between 0.25 and 0.30. Here, we recall again that the relationship ⟨δx
is obtained under the assumption that the fluid particle movement within the TNTI layer is caused solely by eddies of size δx, independently of viscous effects, and of much larger or much smaller eddy sizes and is valid for the entrained particles within the TSL, δ ν δx δ ν + δ ω . This indicates that the entrainment across the TSL is caused by the small-scale eddies with these eddy sizes, rather than by viscous effects and larger-scale structures, which can cause fluid engulfment within the TNTI. 19 Indeed, eddies with core radius of about 5η (≈δ ν ) were observed within the TSL. 20 Figure 3(a) shows the pdf of the cosine of the angle between δx and n, which has a large peak associated with a parallel alignment of these vectors. Thus, for small τ the particles are located in the irrotational boundary normal direction as expected from Eq. (4). Figures 3(a) and 3(b) compare the Eulerian and Lagrangian conditional statistics of the enstrophy and enstrophy budget in simulation ML08 (the Lagrangian statistics are plotted against ⟨δx⟩ τ ). Qualitative differences arise in the Eulerian and Lagrangian conditional means of D ω . The Eulerian ⟨D ω ⟩ yI displays both positive and negative values, indicating a mean enstrophy transport from the turbulent region into the irrotational region, while ⟨D ω ⟩ τ is always positive even for large ⟨δx⟩ τ . Thus, even after the entrained fluid has acquired an important level of enstrophy, D ω has no mean contribution to the enstrophy transport towards the non-turbulent region, associated with the outward propagation of the irrotational boundary. Wolf et al. showed that the Lagrangian conditional mean enstrophy is smaller than the Eulerian counterpart for τ/τ η ≤ 8. The same tendency can be observed here (e.g., Fig. 3 ) even for much larger τ/τ η . The Lagrangian enstrophy production and dissipation terms observed here are also smaller than their corresponding Eulerian counterparts, owing to a smaller enstrophy level in the Lagrangian statistics. predominance of vorticity over the strain, as in the vortex core region of an eddy, 17 while Q < 0 tends to appear outside the vortex core region, where dissipation is dominant. ⟨Q⟩ yI has a negative peak near the irrotational boundary and a large positive peak inside the turbulent region while ⟨Q⟩ τ is negative and tends to ⟨Q⟩ τ = 0 in the turbulent core region. Figures 4(b) and 4(c) compare the conditional joint pdf of Q and R = −(S i j S j k S k i /3 − ω i S i j ω j /4) (the third invariant of the velocity gradient tensor) in the TSL obtained as the Eulerian and Lagrangian statistics. Both pdfs show a "teardrop" shape similar to various turbulent flows, but a difference is found for large positive Q. Specifically the probability of finding intense values of Q ≫ 0 is much smaller in the Lagrangian than in the Eulerian pdfs. Thus, although within the TNTI layer there is a region where Q ≫ 0, as the fluid particles are entrained they tend to circumvent these regions moving across regions with relatively small Q. This may be explained by a circular motion induced by the intense eddies existing within the TNTI layer, which makes the fluid particles move around the eddies where stronger values of Q are to be found. Within the VSL the Eulerian and Lagrangian conditional averages are similar, and the contribution from turbulent fluid packets in the turbulent core region is expected to be small for the Eulerian statistics. This agrees with recent results from high-Schmidt number scalar statistics showing that the VSL mostly consists of entrained fluid from the non-turbulent region. 11 In summary, Lagrangian statistics taken during the entrainment of fluid particles across the TNTI layer confirm that the entrainment is caused by the two distinct physical processes depending on the location within the TNTI layer, i.e., viscous effects within the VSL and inertial effects linked to the small-scale eddies within the TSL. The entrained fluid particles penetrate into the TSL by the propagation of the outer edge of the TNTI, which takes place owing to the outward viscous diffusion of enstrophy. Moreover, the invariants of the velocity gradient tensor show the connection between the entrainment process and the small-scale eddy structures, suggesting that the entraining fluid particles move around the vortex cores of the small-scale eddies near the TNTI layer. Finally, it is shown that the Lagrangian statistics are governed solely by small-scale turbulence characteristics and that large-scale effects, resulting from different flow configurations, cannot be observed, which opens the possibility for a unified entrainment model solely based on the small-scale eddy characteristics.
